Département de Génie Civil Méthodes Numériques (L2)

Corrigé du TD N°4 : Interpolation polynomiale

Exercice 1
) a; = f;
P(x) = ¥iZ5 a;Li(x) [ o
] 0]:#1 —x;
J
On veut démontrer que P(x;) = a; pouri =0, ..., n-1
- X Xi
P(x) = Eio aili(xc) etLi(oe) = T2 iy
]
b Sik =20 = 0= [ = 0 i A L oSikei= B o1 S G = 1
Xj xXj
Donc P(xy) = {‘;01 a;L;(x;) : dans cette somme tous les produits sont nuls sauf pour k=i :>
Exercice 2
1/ Le polynéme de Lagrange : P(x) = X0 a;Li(x) ; L; = (= 01]# = x’ et a; = f;
Xo | X1 | %2 | Xa __Gmx)mx)E=xg) . =2)E=HE=6) _ _ x=2)Ex=H(x=6)
. O™ (xo—x1)(xo=x2)(x0—x3) ~ (0-2)(0-4)(0-6) 48 ’
Xi 0 |2 |4 |6 L = mxEmx)(mxs) _ G=0(=H(x=6) _ x=0)E=H(=6) .
1 — - - H
i=Fi (x1=x0) (x1—x2) (x1—%x3) (2-0)(2-4)(2-6) 16
0= 10 14 [0 11 ]| _ eommien) _ G-0G-2G-0) _ _ G-0G-26-6) .
27 (rp=x0) (ea=x)(x2=x3)  (4—0)(4-2)(4-6) 16 ’
L. — (x=x9)(x—x1)(x=%3) _ (x-0)(x=2)(x=4) _ (x—-0)(x=2)(x—4)
37 (ramxo)(ra—x)(x3-xz)  (6-0)(6-2)(6-4) 48

P(x) = ayly(x) + a;L;(x) + a,L,(x) + azL;(x) < P(x) = 0.Ly(x) +4.L,(x) + 0.L,(x) + 4. L5(x)

2/ Le polyndme de Newton :

P(x) = f(xo) + fx0, x1](x — x0) + f[x0, %1, x2](x — x0) (x — x1) + ...

20
P(x) = =X 3x2 4 =x3

1

3

+ flxo, %1, oy Xn—1](x — X0) (X — %1) ... (X — Xp—2)
P(x) = X0 fl %0, X1, s X;] ‘"1(x - xj)
flx1]=FIxo] . . flxq,2x2]=f[x0,%1]
flxol = f(x0) s flxo,x1] = 1—%0’ » flxo, x1,x2] = #
=0 | f[x]=0
Xo [Xo]  [XoXi] _4 0o_,
—2-2
X1:2 f[X1]:4 f[Xo,Xl, Xg] - -0 =-1
o] =5 = =2 — Do Xo, Xl =g = 3
x,=4 S [x2]=0 40 S [x1x2 x3] Za =
S [x2,x3] Za =2
x3=0 Slxs]=4

=>Px)=04+2(x—xp) — 1(x — x9)(x — x1) +§(x — xo)(x — x1)(x — x3)
= 0+2(x—0) = 10x = 0)(x — 2) +3 (x — 0)(x — 2)(x — 4)

=

P(x) = ?x —3x% + %x:‘
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Exercice 3

1/ Le polyndme de Newton :

Points | X Y=f(x)
1 1 0
2 15 |1
3 2 2
4 25 |-15
=1 | f[x]=0
0 Lol f [Xo.X1] ﬁ 2
xi=15 | f[x,]=1 — f [XosXe, %] :% =0 oo
fx1x; == f [Xo,X1, X2, X3] = ~25.1 =-6
x,=2 f[x2]=2 f[x1 X2, X3/ _2 5-15 =-9
-7
5=2,5 | flxs/=-1,5
=S>Px)=04+2(x—x9) +0(x —xp)(x —x1) —6(x —x0)(x — x1)(x — x3)
=0+2(x—1D)+0(x—1(x—-15)—-6(x—1)(x—1,5)(x—-2)
= |P(x) = 16 — 37x + 27x% — 6}
2/
X; 0,1 0,2 0,3 0,4 0,5
ftx) 1.4 1,56 1,76 2,00 2,28
x0=0,1 f [Xo]:1,4
o] =55 g5 = 1,6
=02 | fx,j=156  [XoXe, Xo] = = 2
1,76-1,56 03-01 2-2
Slxnxa] = oi0z — 2 f [Xo.X1, X2, X3] =0‘4_0,1 =0
=03 | f[x)]=1,76 — Sxnx2 x5/ —04 0r = f [Xo,:X1, X2, X3, X4] =0
flxaxs] :0,4—‘0,3 =24 28-24 flxnxs x4 _04 o1
x3=0,4 | f[xs]=2 P ) 2282 ) g S lx2x3 x4/ _0’5_0‘3 =
X3,X4f = _ =4
=05 | f[xJ=228 oA
= Px)=14+16(—xy)+2(x—x)(x—2x7) +0(x—x0)(x —x)(x—x;,) +0(x —x)(x —

x1)(x — %) (x — x3)
=14+16(x—-01)+2(x—-01)(x—-0,2)+0(x—0,1)(x—-0,2)(x—0,3) + 0(x —
0,1))(x—0,2)(x—0,3)(x—0,4)

—=IP(x) = 1,28 + x + 2x¥
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Exercice 4

f(x) = |x|
x; -1 2 0 1 1
2 2
1 1
Sx)=Ix] 1 3 0 3 1
+ Labase de Lagrange :
( LO _ (x—x1) (x=22) (x—x3) (x—24) _ (x+%)(x—0)(x—%)(x—1) _ 2x(x+%)(x—%)(x—1)
(0—x1) (o—22) (o—23) (x0—%a)  (=143)(-1-0)(-1-2)(-1-1) 3
= e = Lo =
2 2 2 2 2
|- e - S - e
2 2
Ly = (e=xo) (r—x1) (x=x2) (x—x4)  _ (i*‘l)(?i"'%)(?lf—o)(f—l) _ 8x(x+1)(x+%)(x—1)
(x3=x0)(x3—x1) (X3 —x2)(¥3—X4) (5+1)(5+5)(5_0)(E_1) 3
(e—x) (x—x)(x=x2) (x—x3) G+ 1)(x+3) (x—0) (x—3) B 2x(x+1)(x+3)(x—3)
LU T Gaxo)(a—x) (ea—x2) (xa—x3) a+(145)a-0)(1-3) 3
P(x) = agLo(x) + a;L;(x) + azL,(x) + agls(x) + asLa(x)
& P() = Lo(x) + 2Ly (1) + 0.Ly(x) + 2 L (x) + Ly (x) = |P() = 222 (1 = 22)
4+ La base de Newton :
Xp=- f [xo]=1
0 [Xo] b :%;1 .
x==3 | =3 — f [XoXs, Xo] =g = 0 —
Slxnxd] == =-1 ” fXox, Xo, %] =57 =3  DonXe, X, Xo. Xa]
=0 | fled=0 . Sl v =22 =2 =
, - S lx2x3] v 1 — S lxnxs X3 X4/ o5~ 3 1+1 3
= | Sf[xs=3 e S [xaxs, x4 == =0
flxsx4] :Ts =1
x~=1 flxd=1

4 4
P(x) =1—(x—x) +0(x —x0)(x —x1) + §(x —x0)(x — x)(x — x3) —g(x —x0)(x — x)(x — x3) (x — x3)

=1- G+ D0+ D) (x+ ) +2+ D (x+3) -0 -2+ D) (x+2) x = 0) (x - 3)

= P(x) =2y (

= = —fix}=lx| =—P(x)
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Exercice 5
Un polyndme de degré 2 est de la forme : P(x) = a, + a,x + a,x? alors
— 2 .
E(ag ay,a;) = X7°(v; — (ag + a;x + a,x?))” est une fonction de aga,eta, et donc
VE (ay, a4, a,) = 0 s’écrit sous la forme explicite :

0E

633? - 2?515(3’1' —(ap+asx; + azxiz)) x2(-1)=0 5ap+ a3 Ximg X + ap Ximg X2 = X1 Vi
Er 0 &1 X — (a0 + arx; + a;x%)) X 2(=x) =0 © 1 ag Xioy x; + a1 Nimy X2 + 4 Xy %° = 2oy X
25 _ ) Y (v — (ap + arx; + ax2)) X 2(—x2) = 0 A Ximq X% + @y Xioy X% + ap B %t = B, %%y

da,

Xi Yi x;? x;® x;* XiYi x;%y;
-1 -1,5 1 -1 1 15 -1,5
-0,5 0 0,25 -0,125 0,0625 0 0
0 0,25 0 0 0 0 0
0,5 0 0,25 0,125 0,0625 0 0
1 0 1 1 1 0 0
> 0 -1,25 2,5 2 2,125 1,5 -1,5
5ay + 2,5a, = —1,25 a,=—-1,68
= 2,5a; +2a, =15 =fa; = —1,69
2,5a9 + 2a4 + 2,125a, = —1,5 a, =2,86

Donc le polynéme P(x) s’écrit :

P(x) = —1,68 — 1,69 x + 2,86 x|
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