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Chapter II: Gauss's theorem

1. Introduction

Gauss's law is a mathematical model that can be used to obtain the electric fields of certain
charge distributions with a high degree of symmetry, such as cylinders, spheres and infinite

wires.

It is therefore a specialized method, but it is very useful for this class of problems to which it
can be applied. At this stage, Gauss's law will help us to better understand the shapes of

electric fields due to continuous charge distributions.

2. Definitions

A- Surface vector: The surface vector ds is a vector carried by the unit vector normal

to the surface.
ds

B- Flux of a vector field: The elementary flux d® is,

0 =E.d5=0= ﬂﬁd—s’ - ﬂ E.ds.N
With ds = ds. N
The unit of flow is the Weber (Wb).

3. Electric field flow through a closed surface

Let S be an arbitrary closed surface and q be the charge enclosed within the surface S. The

elementary electric field flux created by the charge q across the closed surface S is given by:

do = E.ds = E.ds.cosa

a : the angle between E and N (ds)

u.ds
r2

The electric field E = 2% and d@ = I;—ZTZ .ds = kq

r2

— >

U.ds =ds |u| cosa
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Chapter II: Gauss's theorem

The electric field will be :

2 _ kq- _ kq - —= _ ds.cosa
E=—idand g =g u.ds=gpkq—;

ds.cosa

with —2 = dQ = solid angle

Note: The unit of the solid angle is the steradian.

Since the area of a sphere of radius R is S= 4nR?, we deduce that the largest measurable solid

angle, which corresponds to an object covering the entire sphere, is 4w steradians.

Q=47= the solid angle to see all of space

So p= L 4p=2

4TE &0

In the case of several point charges, the flux is written as:

@:#E_EZ &

€o
4. Gauss Theorem

a- Statement of Gauss Theorem

« The flux inside a closed surface called a Gauss surface is equal to the sum of the net

charges Qint inside this surface divided by the dielectric permittivity in vacuum g, »

®= #EI{: ZQint

€9
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Chapter II: Gauss's theorem

b. The steps involved in applying Gauss'’s theorem
e Choosing a coordinate system
e Study the invariance of the system
e Study symmetry
e Choice of Gaussian surface; the table shows the different cases where a cylinder is

chosen as the SG and the cases where a sphere is chosen as the SG:

Possible cases  Possible cases  Possible cases  Possible cases

GSisa An infinite  An infinite A surface or Two or more
cylinder wire plane volume cylinders
charged
cylinder

GSisasphere A surface- or Two or more
volume- spheres

charged sphere

c. GT for different continuous charge distribution :
e Linear distribution (dg=2Adl) ¢ = fE.ds =
e Surface distribution (dg=ods) ¢ = 6 E.ds =

e Volume distribution (dg=pdv) ¢ = FE.ds = [pdv

5. Application examples
5.1. Case of an infinite wire

- Choice of coordinate system:

If we zoom in on the wire, we'll have a cylinder with an infinitely small radius, so we use

cylindrical coordinates.

Ms Hadjou Bélaid Z 5



Chapter II: Gauss's theorem

- Study of invariance
We study invariance with respect to p, 6 and z (cylindrical coordinates).

e If we change the angle 6, M rotates around the wire, but the electric field does not
change.

e If we change z, M translates along (Oz) and since the wire is infinite, we still have the
same wire, so E remains invariant remains invariant.

e If we change p, M can move away from or towards the wire, so E does not remain the

same. So E depends only on p.

z
M  ——
¢ E
—
— B>
-— S
- Study of symmetry
In this case, we have two planes of symmetry:
1. The plane intersecting the infinite wire \-—/
horizontally (u,, ug) _ /
§ (U, Ue)

2. The plane intersecting the infinite wire A

vertically (u,, u;)

A

two planes, this is the axis following u, so the electric field is following u,.

So the axis of symmetry is the intersection of the

- Choice of Gauss surface
The Gaussian surface is a cylinder of radius r and and height h. Because of symmetry, the

field follows the radius p, so we say the field is said to be "radial' and constant in the

Gaussian surface (E depends only on p). T
| ‘ng‘lzmsssuw
According to Gauss's Theorem: ¢ =  [[E.ds = Z Qe —1 :
&o 1=
—_— — _—— _—— —_—— —%—'
Q) = ffE ds = ffE .ds base 1 + ffE'dSlat + ffE .ds base 2 dFiae
— _— —_— el
E Lds,qe= [[E.dsi =0 \
c‘fé‘?:rﬁ-ql-ﬁmf l

E [ dSlat s0:Q = ffﬁdslat = .U E'dslatzE'delat = E-Slat
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Chapter II: Gauss's theorem

so @ = E 2nrh

Let's find Qint, the elementary charge is: dq = Adl =Q = Afoh dl = 2h

A

2Trey

E2nrh=M s F =
€o

5.1. Case of an infinite cylinder

- Choice of coordinate system ‘ﬁ

Since we're studying a cylinder, we use cylindrical coordinates.

- Study of invariance

It's the same as the wire. The electric field does not change by varying 6 and z, however, E
depends on p.

- Study of symmetry
In this case, too, we have two planes of symmetry: T
N
The plane intersecting the infinite wire horizontally (@ u_g’) and
: : S U, Ug)
The plane intersecting the infinite wire vertically (u,, u;)
So the axis of symmetry is the intersection of the two planes _ /(u—p” )

It's the axis along u, so the electric field is along u,.

- Choice of Gauss surface

The Gaussian surface is a cylinder of radius r and height h.

Because of symmetry, the radial field is constant in the Gaussian surface.

According to Gauss's Theorem: @ = [ E.ds = 2 Qint

€o

P\ /72—

_ > — —_— R ':{'E‘hrwﬂm.f
Q) = ffEdS = .HE& base1+.UE'dSlat +.UE'd;basez

E Lds base = ffEdSbase =0

E [ dSlat s0:Q = ffﬁdslat = ff E'dslatzE'delat = E-Slat

Then @ = E 2trh=Qint/go
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Chapter II: Gauss's theorem

The cylinder can be either surface or volume charged.

Important note:

The choice of Gaussian surface for a cylinder charged either on the surface or in volume, or
two cylinders (one charged in volume and the other charged on the surface, or both charged
on the surface...) is always a cylinder of radius r and height h. The flux calculation will be the

same, only the Qint charge will vary according to the given distribution.
a- For a surface-charded cylinder
- The electric field

We have tos cases ;

15t case r < R we take the Gauss surface inside the
charged cylinder to calculate the internal field. Then, in

a surface distribution, we have :

Qint =0=E{ =Ejps =0 SG 2

2% case r>R  we take the Gauss surface outside the

charged cylinder to calculate the field outside.

dq = 0ds = Qi = dS = 02nRh

02mRh oR
% =>E; =Egu = o
0 or

S0 E,2nrh =

- The potentiel
— - dv
E =—gradV withE =E(r) = E = —ESOV = —fE.dr

1tcaser < R we have E;, =0=V, = (C,

2"%case r> R

R1 oR 1 oR
E, =20y, =-Z(ldar=-2mr+c¢,
E T &o r €0

Note: In the case of a cylinder, the constants C; and C, cannot be calculated because the

potential at infinity is non-zero.
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Chapter II: Gauss's theorem

b. Volume-charged cylinder
We have tow cases.

- The electric field
1stcase r < R we take the Gauss surface inside the charged cylinder to calculate the internal

field. Then, in a volume distribution dg= pdV, we have :

prthr?

T
Qint = fff pdv = pf 2whrdr = pthr? = E2nrh =
0

€o

Because V = mhr? = dV = 2mnhrdr

_ _ _P
= Eq = Eins _ET

2" case r> R
we take the Gauss surface outside the loaded cylinder to calculate E> =Eins, SO We integrate

between 0 and R (because Qint lies on the cylinder of radius R).

K pmthR?
Qint = fff pdv = pf 2mhrdr = pthR? = E2nrh = .
0 0
_ PR%1
= EZ - 269 T

- The potentiel
E = —grad V with E = E(r)

av
dar

= FE = soV = — [ E.dr (this calculation is valid for any cylinder).

Vl=—fEl.dr=>V1=2L;0frdr=—4L;0r2+Cl

_ _ _PRP 1 o pR?
V,=—[E,.dr= 2 ~.dr = 2solnr+C2
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Chapter II: Gauss's theorem

5.3. Case of a sphere

- Choice of coordinate system

Since we're studying a cylinder, we use spherical coordinates.

- Study of invariance

If we change the angle 6 or the angle o, the electric field E

does not change, but by varying r the electric field E varies E.
- Study of symmetry
We have two planes of symmetry:

The plane intersecting the infinite wire horizontally (%, ug) and the plane intersecting the

infinite wire vertically (u,, u,).

So the axis of symmetry is the intersection of the two planes, /_\
This is the axis along u, so the electric field is along u, )

>
ji
()

The field is then said to be radial

- Choosing the Gaussian surface

The Gaussian surface is a sphere with center O and radius

r. Due to symmetry, the field is radial and constant in the /_>
Gaussian surface. —>
—

o=fpras=22m | / \
0 —
E

So: {PE.ds=[[E.ds=E [[ds = E.S = E4nr? = E4mr? = 2%t

€0

E //ds:

Important note:

The choice of Gaussian surface for a sphere charged either on the surface or in volume, or two
spheres (one charged in volume and the other charged on the surface, or both charged on the
surface...) is always a sphere of radius r and center O. And the flux calculation will be the

same, only the Qint charge will vary according to the distribution.
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Chapter II: Gauss's theorem

a- Surface-charged sphere

- The electrostatic field E(r) at any point in space.

We have 2 cases :

1stcase r<R

The Gaussian surface is inside the sphere to calculate E1==Eint théi\.x__. o

Qni=0=>E;=0 Ez
2"case r> R
The Gauss surface is outside the sphere to calculate E2=Eouts

dq = ods > Qj, = o4nR?

04TR? oR?
>E;,=—
£o gor

So E,4nr? =
- The electrostatic potential V(r) at any point in space.

E=—gradv=oE=—% so v=-—[Edr

1tcaser<R  E, =0=>v, =(;

2dcaser>R  E, = —
EoT

Calculating constants :

e The potential at infinity is zero (Vvo=0) so lim v = 0 so C,=0 then v, = %
r—00 (1]

e The potential is a continuous function in R so v, (R) = v,(R)

oR? oR
thenv, =C; = SO—Rsovl =

- Plot the graphs E(r) and V(r) as a function of r :
V() A5

ol i 1L
E0 ".
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b- Sphere charged in volume

1- The electrostatic field E(r) at any point in space.
We have 2 cases:

1stcase r<R

dq = pdv = panr?dr = Qi = p [[f dv = p4n forrzdr

We integrate between 0 and r because the Qint charge is located

in the volume of the Gauss sphere of radius r.

4 .3
-nr
3

then E1 = Lr = Eins

4 .3
= Qint =P ET[T S0 (*) = E1 - 4mrieg 3&p

29case r> R

dq = pdv = pAnr2dr = Qe = p [[[ dv = p4n foR ridr

We integrate between 0 and R because the Qint charge is located in the volume of the sphere

of radius R.

4
S0 Qine =p ETIR3

4
p zmR® p R3

= = E
3807'2 out

2- The electric potential v(r) at any point in space.

E=—gradv:E=—% So v=-—[Edr

1stcase r<R:

p p P 2
E,=—r=>v,=——/|rdr =—L7
1 3eq V1 3eq f dr so V1 620 + Cl
2Mcase r>R:
p R3 p R 1 pR1
= = = — f— [ —
E, ez O V2 e frzdr S0 v = - -+ C;

Calculating constants :
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Chapter II: Gauss's theorem

3
The potential at infinity is zero (V»=0) so lim v = 0 thenv, = p3R !
r—00

& T

The potential is a continuous function in R, so v{(R) = v,(R)

R3 1 R? (1 1 R?
LR LRy = (24 =2
3¢p R 6¢gp £o 3 6 2&p

2 2

_ _pT PR

S0 vl_ 680 280

5.4. Case of an infinite plan

To find the electric field in an infinite plane, B Q E E
we use Gauss's theorem. d—sL)__>
. . . . . = — E
The Gaussian surface is a cylinder intersecting the plane. E E
SB2

The cylinder has radius r and height h.
For reasons of symmetry, the field is radial and constant at any point on the Gaussian surface.

In the Gaussian surface.

0= #E dS_ZQ””

Q) = (Dsbasel + Q)Slat + (Z)sbasez = jj E dSBl + f] E dSBZ + Jj E dSL
=2 ff E.dSpase = 2E. Spase

2% Qin
— @ = ZE-Sbase = Tt (1)

dq = 0ds = Qins = 0 [[ ds = 0Spase

__ OSpase __9
()= 2. Spase = =22 50 E =5

Then Ileim |E| = % and the field for an infinite plane is identical.
—00 0
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