
University of Tlemcen                                      U.Y:  2024/2025 

Faculty of Sciences                          1st year LMD-M and MI 

Department of Mathematics 

1 
 

 

 
 

Correction of SW N°02 of Electricity 

Gauss's theorem 

Exercise 1 :  

The Gaussian surface is a sphere with center O and radius r.  

For reasons of symmetry, the field is radial and constant at any point on the Gaussian surface. 

∅ = ∯ �⃗� . 𝑑𝑠⃗⃗⃗⃗ =
∑𝑄𝑖𝑛𝑡

𝜀0
 

𝐸 ⃗⃗  ⃗ ∥ 𝑑𝑠⃗⃗⃗⃗   Donc :∯�⃗� . 𝑑𝑠⃗⃗⃗⃗ =∬𝐸. 𝑑𝑠 = 𝐸 ∬𝑑𝑠 = 𝐸. 𝑆 = 𝐸4𝜋𝑟2 ⇒𝑬𝟒𝝅𝒓𝟐 =
∑𝑸𝒊𝒏𝒕

𝜺𝟎
  

⇒ 𝑬 =
𝑸𝒊𝒏𝒕

𝟒𝝅𝒓𝟐𝜺𝟎
   (∗) 

 

1- The electrostatic field E(r) at any point in space. 

we have 3 cases : 

1st case r<R1 (𝒓  ∈  [𝟎, 𝑹𝟏[ 

𝑑𝑞 = 𝜌𝑑𝑣 = 𝜌4𝜋𝑟2𝑑𝑟 ⇒ 𝑄𝑖𝑛𝑡 = 𝜌 ∭𝑑𝑣 =𝜌4𝜋 ∫ 𝑟2𝑑𝑟
𝑟

0   

⇒ 𝑄𝑖𝑛𝑡 = 𝜌  
4

3
𝜋𝑟1

3
         

so  (∗) ⇒ 𝐸1 =
𝜌  

4

3
𝜋𝑟1

3

4𝜋𝑟2𝜀0
 then 𝑬𝟏 =

𝝆

𝟑𝜺𝟎
𝒓𝟏  

2nd  case R1 ≤ r<R2  (𝒓  ∈  [𝑹𝟏, 𝑹𝟐[ 

𝑑𝑞 = 𝜌𝑑𝑣 = 𝜌4𝜋𝑟2
2𝑑𝑟 ⇒ 𝑄𝑖𝑛𝑡 = 𝜌 ∭𝑑𝑣 =𝜌4𝜋 ∫ 𝑟2𝑑𝑟

𝑅1

0   

so 𝑄𝑖𝑛𝑡 = 𝜌  
4

3
𝜋𝑅1

3
  

(∗) ⇒ 𝐸2 =
𝜌  

4
3 𝜋𝑅1

3 

4𝜋𝑟2𝜀0
    𝑠𝑜  𝑬𝟐 =

𝝆  𝑹𝟏
𝟑 

𝟑𝜺𝟎𝒓𝟐
   

3rd case  r≥R2    (𝒓 ∈    [𝑹𝟐, +∞[) 

𝑄𝑖𝑛𝑡 = 𝑄1 + 𝑄2  with   𝑄1 = 𝜌  
4

3
𝜋𝑅1

3 and   𝑑𝑞2 = 𝜎𝑑𝑠 ⇒ 𝑄2 = 𝜎4𝜋𝑅2
2 

So   𝑄𝑖𝑛𝑡 = 𝜌  
4

3
𝜋𝑅1

3 +  𝜎4𝜋𝑅2
2  

Then   (∗) ⇒ 𝐸3 =
𝜌  

4

3
𝜋𝑅1

3+ 𝜎4𝜋𝑅2
2

4𝜋𝑟2𝜀0
    hence 𝑬𝟑 =

𝝆  𝑹𝟏
𝟑 

𝟑𝜺𝟎𝒓𝟐
+

𝝈𝑹𝟐
𝟐

𝜺𝟎𝒓𝟐
 

 

1- The electric potential v(r) at any point in space.  

�⃗� = −𝑔𝑟𝑎𝑑⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  𝑣 ⇒ 𝐸 = −
𝑑𝑣

𝑑𝑟
      

 

so    𝑣 = −∫𝐸𝑑𝑟  

 

R1 

R2 
r3 

r1 

r2 
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1st case : r<R1  (𝒓  ∈  [𝟎, 𝑹𝟏[) 

𝐸1 =
𝜌

3𝜀0
𝑟 ⇒ 𝑣1 = −

𝜌

3𝜀0
∫ 𝑟𝑑𝑟  so         𝒗𝟏 = −

𝝆

𝟔𝜺𝟎
𝒓𝟐 + 𝑪𝟏  

2st case R1 ≤ r<R2 (𝒓  ∈  [𝑹𝟏, 𝑹𝟐[ 

𝐸2 =
𝜌 𝑅1

3 

3𝜀0𝑟2  ⇒ 𝑣2 = −
𝜌  𝑅1

3 

3𝜀0
∫

1

𝒓𝟐 𝑑𝑟 so   𝒗𝟐 =
𝝆  𝑹𝟏

𝟑 

𝟑𝜺𝟎

𝟏

𝒓
+ 𝑪𝟐  

3rd case  r≥R2  (𝒓 ∈    [𝑹𝟐, +∞[) 

𝐸3 =
𝜌  𝑅1

3 

3𝜀0𝑟2
+

𝜎𝑅2
2

𝜀0𝑟2
⇒ 𝑣3 = −(

𝜌  𝑅1
3 

3𝜀0
+

𝜎𝑅2
2

𝜀0
)∫

1

𝒓𝟐
𝑑𝑟  

So   𝒗𝟑 = (
𝝆  𝑹𝟏

𝟑 

𝟑𝜺𝟎
+

𝝈𝑹𝟐
𝟐

𝜺𝟎
)

𝟏

𝒓
+ 𝑪𝟑 

 Infinite potential (r      ∞) v=0 so C3=0 and  𝒗𝟑 = (
𝝆  𝑹𝟏

𝟑 

𝟑𝜺𝟎
+

𝝈𝑹𝟐
𝟐

𝜺𝟎
)

𝟏

𝒓
 

- Potential is a continuous function: 

- at R2 so 𝒗𝟑(𝑹𝟐) = 𝒗𝟐(𝑹𝟐) 

 𝜌  𝑅1
3 

3𝜀0

1

𝑅2
+

𝜎𝑅2
2

𝜀0

1

𝑅2
=

𝜌  𝑅1
3 

3𝜀0

1

𝑅2
+ 𝐶2 ⇒ 𝐶2 =

𝜎𝑅2

𝜀0
  

donc  𝒗𝟐 =
𝝆  𝑹𝟏

𝟑 

𝟑𝜺𝟎

𝟏

𝒓
+

𝝈𝑹𝟐

𝜺𝟎
  

- at R1 so  𝒗𝟐(𝑹𝟏) = 𝒗𝟏(𝑹𝟏) 

−
𝜌

6𝜀0
𝑅1

2 + 𝐶1 =
𝜌  𝑅1

3 

3𝜀0

1

𝑅1
+

𝜎𝑅2

𝜀0
⇒ 𝐶1 =

𝜌  𝑅1
2 

3𝜀0
+

𝜌  𝑅1
2 

6𝜀0
+

𝜎𝑅2

𝜀0
=

3𝜌  𝑅1
2 

6𝜀0
+

𝜎𝑅2

𝜀0
  

𝐶1 =
𝜌  𝑅1

2 

2𝜀0
+

𝜎𝑅2

𝜀0
 

so    𝒗𝟏 = −
𝝆

𝟔𝜺𝟎
𝒓𝟐 +

𝝆  𝑹𝟏
𝟐 

𝟐𝜺𝟎
+

𝝈𝑹𝟐

𝜺𝟎
 

 

Exercise 2 

The Gaussian surface is a sphere with center O and radius r. For reasons of symmetry, the 

field is radial and constant at any point on the Gaussian surface.  

∅ = ∯�⃗� . 𝑑𝑠⃗⃗⃗⃗ =
∑𝑄𝑖𝑛𝑡

𝜀0
 

𝐸 ⃗⃗  ⃗ ∥ 𝑑𝑠⃗⃗⃗⃗      so :  ∯�⃗� . 𝑑𝑠⃗⃗⃗⃗ =∬𝐸. 𝑑𝑠 = 𝐸 ∬𝑑𝑠 = 𝐸. 𝑆 = 𝐸4𝜋𝑟2 ⇒𝑬𝟒𝝅𝒓𝟐 =
∑𝑸𝒊𝒏𝒕

𝜺𝟎
  

⇒ 𝑬 =
𝑸𝒊𝒏𝒕

𝟒𝝅𝒓𝟐𝜺𝟎
   (∗) 

 

The electrostatic field E(r) at any point in space.  

We have 3 cases: 

 

R1 

r1 

r2 

R2 r3 
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1st case r<R1 

𝑄𝑖𝑛𝑡 = 0        so  𝑬𝟏 = 𝟎  

2nd case R1 ≤ r<R2 

𝑑𝑞 = 𝜌𝑑𝑣 = 𝜌4𝜋𝑟2𝑑𝑟 ⇒ 𝑄𝑖𝑛𝑡 = 𝜌 ∭𝑑𝑣 =𝜌4𝜋 ∫ 𝑟2𝑑𝑟
𝑟

𝑅1

 

 So   𝑄𝑖𝑛𝑡 = 𝜌  
4

3
𝜋(𝑟3 − 𝑅1

3) 

(∗) ⇒ 𝐸2 =
𝜌  

4
3
𝜋(𝑟3 − 𝑅1

3) 

4𝜋𝑟2𝜀0
    𝑠𝑜 𝑬𝟐 =

𝝆  (𝑟3 − 𝑅1
3) 

𝟑𝜺𝟎𝒓𝟐
=

𝝆 

𝟑𝜺𝟎
(𝑟 −

R1
3

𝒓𝟐
)  

3rd case  r≥R2 

𝑑𝑞 = 𝜌𝑑𝑣 = 𝜌4𝜋𝑟2𝑑𝑟 ⇒ 𝑄𝑖𝑛𝑡 = 𝜌 ∭𝑑𝑣 =𝜌4𝜋 ∫ 𝑟2𝑑𝑟
𝑅2

𝑅1
     

So  𝑄𝑖𝑛𝑡 = 𝜌  
4

3
𝜋(𝑅2

3 − 𝑅1
3) 

 

(∗) ⇒ 𝐸3 =
𝜌  

4
3 𝜋(𝑅2

3 − 𝑅1
3) 

4𝜋𝑟2𝜀0
 𝑑𝑜𝑛𝑐 𝑬𝟑 =

𝝆  (𝑹𝟐
𝟑 − 𝑹𝟏

𝟑) 

𝟑𝜺𝟎𝒓𝟐
   

 

1- The electric potential v(r) at any point in space.  

�⃗� = −𝑔𝑟𝑎𝑑⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  𝑣 ⇒ 𝐸 = −
𝑑𝑣

𝑑𝑟
     so   𝑣 = −∫𝐸𝑑𝑟  

1st case : r<R1 

𝐸1 = 0 ⇒        𝒗𝟏 = 𝑪𝟏  

2nd case R1 ≤ r<R2 

𝐸2 =
𝝆 

𝟑𝜺𝟎
(𝑟 −

R1
3

𝒓𝟐) ⇒ 𝑣2 = −
𝜌   

3𝜀0
(∫ 𝑟𝑑𝑟 − R1

3 ∫
1

𝒓𝟐 𝑑𝑟)  

so    𝒗𝟐 = −
𝝆   

𝟑𝜺𝟎
(

𝒓𝟐

𝟐
− R1

3 (
−𝟏

𝒓
)) + 𝑪𝟐  

𝒗𝟐 = −
𝝆   

𝟑𝜺𝟎
(
𝒓𝟐

𝟐
+

R1
3

𝒓
) + 𝑪𝟐 

3rd case  r≥R2 

𝐸3 =
𝜌  (𝑅2

3−𝑅1
3) 

3𝜀0𝑟2
⇒ 𝑣3 = −

𝜌  (𝑅2
3−𝑅1

3) 

3𝜀0
∫

1

𝑟2
𝑑𝑟 so   𝒗𝟑 =

𝝆  (𝑹𝟐
𝟑−𝑹𝟏

𝟑) 

𝟑𝜺𝟎

𝟏

𝒓
+ 𝑪𝟑 

 

Infinite potentiel at (r      ∞) v=0 so C3=0 and 𝒗𝟑 =
𝝆  (𝑹𝟐

𝟑−𝑹𝟏
𝟑) 

𝟑𝜺𝟎

𝟏

𝒓
 

- The potential is a continuous function: 

 At R2 so 𝒗𝟑(𝑹𝟐) = 𝒗𝟐(𝑹𝟐) 

𝝆  (𝑹𝟐
𝟑 − 𝑹𝟏

𝟑) 

𝟑𝜺𝟎

1

𝑅2
= −

𝝆   

𝟑𝜺𝟎
(
𝑹𝟐

𝟐

𝟐
+

R1
3

𝑹𝟐
) + 𝐶2 
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⇒ 𝐶2 =
𝜌𝑅2

2

3𝜀0
+

𝜌𝑅2
2

6𝜀0
−

𝝆  (𝑹𝟏
𝟑) 

𝟑𝑅2𝜺𝟎
+

𝝆  (𝑹𝟏
𝟑) 

𝟑𝑅2𝜺𝟎
=

3𝜌𝑅2
2

6𝜀0
=

𝜌𝑅2
2

2𝜀0
  

so  𝒗𝟐 = −
𝝆   

𝟑𝜺𝟎
(
𝒓𝟐

𝟐
+

R1
3

𝒓
) +

𝝆𝑹𝟐
𝟐

𝟐𝜺𝟎
  

 at R1 so   −
𝝆   

𝟑𝜺𝟎
(
𝑹𝟏

𝟐

𝟐
+

R1
3

𝑹𝟏
) +

𝝆𝑹𝟐
𝟐

𝟐𝜺𝟎
⇒ 𝐶1 = −

𝝆   

𝟑𝜺𝟎
(
𝑹𝟏

𝟐

𝟐
+ 𝑹𝟏

𝟐) +
𝝆𝑹𝟐

𝟐

𝟐𝜺𝟎
 

⇒ 𝐶1 = −
𝝆   

𝟑𝜺𝟎
(
𝟑𝑹𝟏

𝟐

𝟐
) +

𝝆𝑹𝟐
𝟐

𝟐𝜺𝟎
     

 then   𝑣1 = −
𝜌  𝑅1

2 

2𝜀0
+

𝜌𝑅2
2

2𝜀0
 

 

 

 

 

 

 

 

 

 

Exercise 3 : 

Consider a cylinder of radius r and height h as a Gaussian surface.  

Due to symmetry, the field is radial and constant at any point on the Gauss surface. 

According to Gauss's Theorem: 

∅ =     ∬ �⃗� . 𝑑𝑠 ⃗⃗ ⃗⃗  ⃗ =
∑𝑄𝑖𝑛𝑡

𝜀0
 

   ∅ = ∬𝐸 ⃗⃗  ⃗. 𝑑𝑠 ⃗⃗ ⃗⃗  ⃗  = 2∬𝐸 .⃗⃗⃗⃗ 𝑑𝑠 𝑏𝑎𝑠𝑒
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  + ∬𝐸.⃗⃗  ⃗ 𝑑𝑠𝑙𝑎𝑡 ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗    

 𝐸    ⃗⃗⃗⃗⃗⃗  ⃗┴  𝑑𝑠 𝑏𝑎𝑠𝑒
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⟹ ∬𝐸.⃗⃗  ⃗ 𝑑𝑠𝑙𝑎𝑡 ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  = 0  

�⃗�  ∥ 𝑑𝑠𝑙𝑎𝑡
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗  so: ∅ = ∬𝐸.⃗⃗  ⃗ 𝑑𝑠𝑙𝑎𝑡

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ = ∬𝐸. 𝑑𝑠𝑙𝑎𝑡=𝐸. ∫ 𝑑𝑠𝑙𝑎𝑡 = 𝐸. 𝑆𝑙𝑎𝑡 

 

⇒ ∅ = 𝑬𝟐𝝅𝒓𝒉 =
∑𝑄𝑖𝑛𝑡

𝜀0
  then   𝑬 =

∑𝑸𝒊𝒏𝒕

𝟐𝝅𝒓𝒉𝜺𝟎
   

1- Electric field 

1st case 𝑟 < 𝑅   𝑑𝑞 = 𝜆𝑑𝑙 ⇒ 𝑄𝑖𝑛𝑡 = 𝜆h 

 𝐸12𝜋𝑟ℎ =
𝜆ℎ

𝜀0
⇒ 𝑬𝟏 =

𝝀

2𝜋𝑟𝜀0
 

 

2nd case r≥ 𝐑     𝑄𝑖𝑛𝑡 = 𝑄1 + 𝑄2    

𝑑𝑞2 = 𝜎𝑑𝑠 ⇒ 𝑄𝑖𝑛𝑡 = 𝜎𝑆 = 𝜎2𝜋𝑅ℎ    

 So  𝑄𝑖𝑛𝑡 = 𝜆ℎ + 𝜎2𝜋𝑅ℎ 

 

Then  𝐸22𝜋𝑟ℎ =
𝜆ℎ+𝜎2𝜋𝑅ℎ

𝜀0
⇒ 𝑬𝟐 =

𝝀

2𝜋𝑟𝜺𝟎
+

𝝈𝑹

𝜺𝟎𝒓
 

E(r) 

R2 

v(r) 

r R1 

𝜌

2𝜀0

(𝑅2
2 − 𝑅1

2) 

R2 

 
𝜌

3𝜀0
(𝑅2 −

𝑅1
3

 𝑅2
2) 

r R1 

 
𝜌

3𝜀0
 (

𝑅2
3−𝑅1

3

𝑅2
) 

R 

r1 

r2           
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2- Let's find λ for which  E2=0 

 

𝜆

2𝜋𝑟𝜺𝟎
+

𝜎𝑅

𝜀0𝑟
= 0⇒

𝜆

2𝜋𝑟𝜺𝟎
= −

𝜎𝑅

𝜀0𝑟
 𝑠𝑜   𝜆 = −2𝜋𝜎𝑅 

 

Exercise 4: 

1- the field : Consider a cylinder of radius r and height h as a Gauss surface.  

Gauss's theorem : 𝜑 =     ∬𝐸    .⃗⃗⃗⃗ ⃗⃗ ⃗⃗ 𝑑𝑠 ⃗⃗ ⃗⃗  ⃗ =
∑𝑄𝑖𝑛𝑡

𝜀0
 

   𝜑 = ∬𝐸    .⃗⃗⃗⃗⃗⃗ ⃗⃗ 𝑑𝑠 ⃗⃗ ⃗⃗  ⃗  = 2∬𝐸    .⃗⃗⃗⃗⃗⃗ ⃗⃗ 𝑑𝑠 𝑏𝑎𝑠𝑒
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  + ∬𝐸    .⃗⃗⃗⃗⃗⃗ ⃗⃗ 𝑑𝑠𝑙𝑎𝑡 ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗   

𝐸    ⃗⃗⃗⃗⃗⃗  ⃗ ⋰⋰ 𝑑𝑠 𝑙𝑎𝑡
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗      et      𝐸    ⃗⃗⃗⃗⃗⃗  ⃗┴  𝑑𝑠 𝑏𝑎𝑠𝑒

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⇒∬𝐸    .⃗⃗⃗⃗ ⃗⃗ ⃗⃗ 𝑑𝑠𝑙𝑎𝑡 ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  = 0      

so : 𝜑 = ∬𝐸    .⃗⃗⃗⃗⃗⃗ ⃗⃗ 𝑑𝑠𝑙𝑎𝑡  ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  =𝐸    .⃗⃗⃗⃗ ⃗⃗ ⃗⃗ ∫ 𝑑𝑠𝑙𝑎𝑡 ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  = 𝐸. 𝑆𝑙𝑎𝑡 = 𝐸2𝜋𝑟ℎ    

For  : 𝒓 < 𝑹𝟏 

𝑸𝒊𝒏𝒕 = 𝟎 ⇒ 𝑬𝟏
⃗⃗ ⃗⃗  = 𝟎   

For : 𝑹𝟏 ≤ 𝒓 < 𝑹𝟐 

𝑄𝑖𝑛𝑡 = ∬𝜎𝑑𝑠 = 𝜎 ∬𝑑𝑠 =𝜎𝑠 = 𝜎2𝜋𝑅1ℎ   

𝐸22𝜋𝑟ℎ =
𝜎2𝜋𝑅1ℎ

𝜀0
 ⇒ 𝑬𝟐 =

𝝈𝑹𝟏 

𝜺𝟎

𝟏

𝒓
    

For : 𝒓 ≥ 𝑹𝟐 

𝑄𝑖𝑛𝑡 = 𝑄1 + 𝑄2 

 

𝑄1 = 𝜎2𝜋𝑅1ℎ      and    𝑄2 = −𝜎2𝜋𝑅2ℎ  donc 𝑸𝒊𝒏𝒕 = 𝜎2𝜋ℎ(𝑅1 − 𝑅2)   

 

𝐸32𝜋𝑟ℎ =
𝜎2𝜋ℎ(𝑅1−𝑅2)  

𝜀0
 ⇒ 𝑬𝟑 =

𝝈(𝑹𝟏−𝑹𝟐) 

𝜺𝟎

𝟏

𝒓
   

2- The potentiel  

𝐸 ⃗⃗  ⃗ = −𝑔𝑟𝑎𝑑 ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗𝑉  

𝐸 = 𝐸(𝑟) ⇒ 𝐸 = −
𝑑𝑉

𝑑𝑟
⇒ 𝑉 = −∫𝐸. 𝑑𝑟  

 𝑉1 = −∫𝐸1. 𝑑𝑟 ⇒ 𝑽𝟏 = 𝑪𝟏   

 

 𝑉2 = −∫𝐸2. 𝑑𝑟 = −
𝝈𝑹𝟏 

𝜺𝟎
∫

𝟏

𝒓
. 𝑑𝑟 = −

𝝈𝑹𝟏 

𝜺𝟎
𝒍𝒏𝒓 + 𝑪𝟐  

 

 𝑉3 = −∫𝐸3. 𝑑𝑟 = −
𝝈(𝑹𝟏−𝑹𝟐) 

𝜺𝟎
∫

𝟏

𝒓
. 𝑑𝑟 = −

𝝈(𝑹𝟏−𝑹𝟐) 

𝜺𝟎
𝒍𝒏𝒓 + 𝑪𝟑   

 

Supplementary exercises :  

Exercise 1: 

Consider a cylinder of radius r and height h as a Gauss surface.  

Due to symmetry, the field is radial and constant at all points on the Gauss surface. 

According to Gauss's Theorem: ∅ =    ∬ �⃗� . 𝑑𝑠 ⃗⃗ ⃗⃗  ⃗ =
∑𝑄𝑖𝑛𝑡

𝜀0
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  ∅ = ∬𝐸 ⃗⃗  ⃗. 𝑑𝑠 ⃗⃗ ⃗⃗  ⃗  = 2∬𝐸 .⃗⃗⃗⃗ 𝑑𝑠 𝑏𝑎𝑠𝑒
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  + ∬𝐸.⃗⃗  ⃗ 𝑑𝑠𝑙𝑎𝑡 ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗    

 𝐸    ⃗⃗⃗⃗⃗⃗  ⃗┴  𝑑𝑠 𝑏𝑎𝑠𝑒
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⟹ ∬𝐸.⃗⃗  ⃗ 𝑑𝑠𝑙𝑎𝑡 ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  = 0  

�⃗�  ∥ 𝑑𝑠𝑙𝑎𝑡
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗     so  : ∅ = ∬𝐸.⃗⃗  ⃗ 𝑑𝑠𝑙𝑎𝑡

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ = ∬𝐸. 𝑑𝑠𝑙𝑎𝑡=𝐸. ∫ 𝑑𝑠𝑙𝑎𝑡 = 𝐸. 𝑆𝑙𝑎𝑡 

 

⇒ ∅ = 𝑬𝟐𝝅𝒓𝒉 =
∑𝑸𝒊𝒏𝒕

𝜺𝟎
   

- Electric field 

1st case r<R1 

𝑄𝑖𝑛𝑡 = 0        so  𝑬𝟏 = 𝟎 

2nd case R1 ≤ r<R2 

𝑑𝑞 = 𝜌𝑑𝑣 = 𝜌2𝜋𝑟ℎ𝑑𝑟 ⇒ 𝑄𝑖𝑛𝑡 = 𝜌∭𝑑𝑣 =𝜌2𝜋ℎ ∫ 𝑟𝑑𝑟
𝑟

𝑅1

 

so  𝑄𝑖𝑛𝑡 = 𝜌2  𝜋ℎ (
𝑟2

2
−

𝑅1
2

2
) =  𝜌  𝜋ℎ(𝑟2 − 𝑅1

2) 

or  𝑄𝑖𝑛𝑡 = 𝜌(𝜋𝑟2ℎ − 𝜋𝑅1
2ℎ) 

 

𝑡ℎ𝑒𝑛  𝐸22𝜋𝑟ℎ =
𝜌  𝜋ℎ(𝑟2 − 𝑅1

2) 

𝜀0
    ℎ𝑒𝑛𝑐𝑒 𝑬𝟐 =

𝝆  (𝑟2 − 𝑅1
2) 

𝟐𝜺𝟎𝒓
=

𝝆 

𝟐𝜺𝟎
(𝑟 −

R1
2

𝒓
)  

3rd case  r≥R2 

𝑑𝑞 = 𝜌𝑑𝑣 = 𝜌4𝜋𝑟2𝑑𝑟 ⇒ 𝑄𝑖𝑛𝑡 = 𝜌 ∭𝑑𝑣 =𝜌2𝜋ℎ ∫ 𝑟2𝑑𝑟
𝑅2

𝑅1
    so  𝑄𝑖𝑛𝑡 = 𝜌  𝜋ℎ(𝑅2

2 − 𝑅1
2) 

 

 𝐸32𝜋𝑟ℎ =
𝜌  𝜋ℎ(𝑅2

2 − 𝑅1
2) 

𝜀0
 𝑠𝑜 𝑬𝟑 =

𝝆  (𝑹𝟐
𝟐 − 𝑹𝟏

𝟐) 

𝟐𝜺𝟎𝒓
   

- The electric potential v(r) at any point in space. 

�⃗� = −𝑔𝑟𝑎𝑑⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  𝑣 ⇒ 𝐸 = −
𝑑𝑣

𝑑𝑟
     so    𝑣 = −∫𝐸𝑑𝑟  

1st case : r<R1 

𝐸1 = 0 ⇒        𝒗𝟏 = 𝑪𝟏  

2nd  case R1 ≤ r<R2 

𝐸2 =
𝝆 

𝟐𝜺𝟎
(𝑟 −

R1
2

𝒓
) ⇒ 𝑣2 = −

𝜌   

2𝜀0
(∫ 𝑟𝑑𝑟 − R1

2 ∫
1

𝒓
𝑑𝑟)  and    𝒗𝟐 = −

𝝆   

𝟐𝜺𝟎
(
𝒓𝟐

𝟐
− R1

2  lnr) + 𝑪𝟐  

 

3rd cas  r≥R2 

𝐸3 =
𝝆  (𝑹𝟐

𝟐−𝑹𝟏
𝟐) 

𝟐𝜺𝟎𝒓
⇒ 𝑣3 = −

𝝆  (𝑹𝟐
𝟐−𝑹𝟏

𝟐) 

𝟐𝜺𝟎
∫

1

𝑟
𝑑𝑟 so  𝒗𝟑 = −

𝝆  (𝑹𝟐
𝟐−𝑹𝟏

𝟐) 

𝟐𝜺𝟎
𝒍𝒏 𝒓 + 𝑪𝟑 

Exercise 2: 

The Gauss surface is a sphere with center O and radius r.  

Due to symmetry, the field is radial and constant at any point on the Gauss surface.  

 

r1 R1 

R2 
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The flux through the Gauss. 

 ∅ = ∬�⃗� . 𝑑𝑠⃗⃗⃗⃗ = ∑
𝑄𝑖𝑛𝑡

𝜀0
 

1- Electric Field 

Charge volume density 𝝆 =
𝑨

𝒓
 

{
∬ �⃗� . 𝑑𝑠⃗⃗⃗⃗ = ∑

𝑄𝑖𝑛𝑡

𝜀0

�⃗� ∥ 𝑑𝑠⃗⃗⃗⃗  𝑎𝑛𝑑 𝐸 = 𝑐𝑠𝑡
⇒ ∬𝐸. 𝑑𝑠 = 𝐸. 4𝜋𝑟2 = ∑

𝑄𝑖𝑛𝑡

𝜀0
    

We have 2 cases : 

1st  case : r<R 

   {

𝑑𝑞 = 𝜌𝑑𝑣

𝜌 =
𝐴

𝑟

𝑑𝑣 = 4𝜋𝑟2𝑑𝑟

⇒ ∫𝑑𝑞 = 4𝜋 ∫
𝐴

𝑟
𝑟2𝑑𝑟

𝑟1

0
 

So  𝑄𝑖𝑛𝑡 = 2𝜋𝐴𝑟1
2      where              𝐸14𝜋𝑟1

2 =
2𝜋𝐴

𝜀0
𝑟1

2 ⇒ 𝑬𝟏 =
𝑨

𝟐𝜺𝟎
 

2nd case : r≥R 

∫𝑑𝑞 = 4𝜋 ∫
𝐴

𝑟
𝑟2𝑑𝑟

𝑅

0
⇒ 𝑄𝑖𝑛𝑡 = 2𝜋𝐴𝑅2   where   𝐸24𝜋𝑟2

2 =
2𝜋𝐴

𝜀0
𝑅2 ⇒ 𝑬𝟐 =

𝑨𝑹𝟐

𝟐𝒓𝟐
𝟐𝜺𝟎

 

2- The potentiel 

�⃗� = −𝑔𝑟𝑎𝑑⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  𝑣 ⇒ 𝐸 = −
𝑑𝑣

𝑑𝑟
    so    𝑣 = −∫𝐸𝑑𝑟 

1st case : r<R 

𝐸1 =
𝐴

2𝜀0
⇒ 𝑣1 = −

𝐴

2𝜀0
∫ 𝑑𝑟     so     𝑣1 = −

𝐴

2𝜀0
𝑟 + 𝑐1   

2nd case : r≥R 

𝐸2 =
𝐴𝑅2

2𝑟2
2𝜀0

⇒ 𝑣2 = −
𝐴𝑅2

2𝜀0
∫

𝑑𝑟

𝑟2
2      so    𝑣2 =

𝐴𝑅2

2𝑟𝜀0
+ 𝑐2   

At infinity, the potential is zero: lim
𝑟→∞

𝑣 = 0 ⇒𝑐2 = 0   so    𝑣2 =
𝐴𝑅2

2𝑟𝜀0
   

The potential is a continuous function, so : 𝑣1(𝑅) = 𝑣2(𝑅) 

𝐴𝑅

2𝜀0
= −

𝐴

2𝜀0
𝑅 + 𝑐1 ⇒ 𝑐1 =

𝐴𝑅

𝜀0
   so  𝑣1 = −

𝐴

2𝜀0
𝑟 +

𝐴𝑅

𝜀0
    

3- The graph  E(r)=f(r)      the graph v(r)=f(r)   

  

 

 

 

r1 

r2 R 

R 

𝐴

2𝜀0
 

E(r) 

r 

R 

𝐴𝑅

2𝜀0
 

v(r) 

r 

AR 


