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I. 2nd  Order  Differential  Equations   

Definition : A second-order linear differential equation with constant coefficients has the form 

    𝑎. 𝑦′′ + 𝑏𝑦′ + 𝑐. 𝑦 = 𝑓(𝑡)                (E) 

Where :  𝑎, 𝑏 and 𝑐 are a reals constants   with 𝑎 ≠ 0,   ∀ 𝑡 ∈ ℝ. 

 And  𝑓(𝑡)  is the second member. 

if 𝑓(𝑡) = 0, then  ( E) becomes an equation without a second member (EWSM), called a linear 

homogeneous equation, denoted by(Eℎ) ∶ 

𝑎. 𝑦′′ + 𝑏𝑦′ + 𝑐. 𝑦  = 0           (Eℎ)  

•  

 
Resolution method: 

The general solution y of  (𝐸) is the sum of the homogeneous solution 𝑦 ℎ  of  (Eℎ)  and a particular 

solution (𝑦𝑝)𝑜𝑓 (E):  such that 

𝒚  = 𝒚 𝒉 + 𝒚 𝒑 

2. How to find  𝒚 𝒉? 

Let the homogeneous equation be  

𝑎. 𝑦′′ + 𝑏𝑦′ + 𝑐. 𝑦  = 0 

a) Write the caracteristic equation:  𝑎. 𝑟2 + 𝑏. 𝑟 + 𝑐 = 0. 

b) Findthe root 𝑟 according to the sign of ∆ given in the following table 

where  ∆= 𝑏2 − 4𝑎𝑐 :      ℎ𝑖𝑒𝑟 𝑎 = 1  

 

Sign of ∆ The roots : 𝒓𝒊 The soltion  𝒚 𝒉 

 

 

∆ > 0 

 There is 𝑡𝑜𝑤 𝑟𝑜𝑜𝑡𝑠 

𝑟1 =
−𝑏 − √∆

2𝑎
   

 

𝑟2 =
−𝑏 + √∆

2𝑎
 

 

 

𝒚 𝒉 = 𝐶1𝑒𝑟1.𝑡 + 𝐶2𝑒𝑟2.𝑡 

∆ = 0 𝑟0 =
−𝑏

2𝑎
 𝒚 𝒉 = (𝐶1𝑡 + 𝐶2)𝑒𝑟0.𝑡 

 

1. How to find the particular solution   𝒚 𝒑  ?  

We determine the particular solution 𝑦 𝑝 of (E1), according to the form of the second member 𝑓(𝑡), 

and using the identification method of coefficient, the following table shows how to choose the form of   

𝑦 𝑝 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

Exemple :  𝑆𝑜𝑙𝑣𝑒   𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (𝐸)𝑔𝑖𝑣𝑒𝑛 𝑏𝑦  

 𝑦" + 2𝑦′ = 2𝑒−2𝑥       ( 𝐸 ) 

 

Solution : 

 

•  Find the homogeneous solution of  𝒚" + 𝟐𝒚′ = 𝟎 

The characteristic equation associate to ( E ) is:  

𝑟2 + 2𝑟 = 0 

Wich  has tow roots : 𝑟1 = 0 𝑎𝑛𝑑 𝑟2 = −2 

Then , the solution 𝑦 ℎ is  

𝑦 ℎ = 𝑘1 + 𝑘2𝑒−2𝑥    𝑤ℎ𝑒𝑟𝑒 𝑘1𝑎𝑛𝑑 𝑘2 ∈ ℝ 

• Find the particular solution of  ( E ) 

 
Hier 𝛼 = −2, then 𝑦 𝑝 tak the form  

𝑦 𝑝 = 𝑘𝑥𝑒−2𝑥   ,         𝑘 ∈ ℝ      

Then the derivative of 𝑦 𝑝 gives  

 
By substituting into ( E)  

 
Using the identification method, it follow : 

 
Then ,  

𝑦 𝑝 = −𝑥𝑒−2𝑥    

Finally , the general solution of  ( E ) is  

𝑦 = 𝑦ℎ + 𝑦 𝑝 = 𝑘1 + 𝑘2𝑒−2𝑥    − 𝑥𝑒−2𝑥    

 𝑤ℎ𝑒𝑟𝑒 𝑘1𝑎𝑛𝑑 𝑘2 ∈ ℝ 

 

 

f(t) takes the form : 𝑦 𝑝 

𝒇(𝒕) = 𝑷(𝒕)𝒆𝜶𝒕  𝑤𝑖𝑡ℎ  𝑃(𝑡) is a polynomial of 

degree 𝑛, where 𝛼 is a real number, and 𝑚 is not a 

root of 𝑷 

𝒚 𝒑 =  𝑸(𝒕)𝒆𝜶𝒕 

 𝑄(𝑡) is a polynomial  𝑑𝑒𝑔(𝑄) = 𝑛  

𝒇(𝒕) = 𝑷(𝒕)𝒆𝜶𝒕   𝑤𝑖𝑡ℎ  𝑃(𝑡) is a polynomial of 

degree 2, 𝛼 is a real number, and 𝒎 Is a simple root 
𝒚 𝒑 =   𝑸(𝒕). 𝒕. 𝒆𝜶𝒕  

𝒇(𝒕) = 𝑷(𝒕)𝒆𝜶𝒕      𝑤𝑖𝑡ℎ  𝑃(𝑡) is a polynomial of 

degree 2, 𝛼 is a real number, and 𝒎 Is a double root 
𝒚 𝒑 =   𝑸(𝒕). 𝒕𝟐. 𝒆𝜶𝒕  

 

3. Donne la solution finale 𝒚(𝒕) =  𝒚 𝒉 +  𝒚 𝒑. 

 
 

 



 


