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Correction of SW N°3 of Mechanics 

Kinematics of a Material Point 

Exercise 1 

a- we have x(t)=2t3+5t2+5 so : 

The velocity :        𝑣(𝑡) =
𝑑𝑥

𝑑𝑡
=6t2+10t 

The acceleration:    a(t)=
𝑑𝑣(𝑡)

𝑑𝑡
=12t+10 

b- The body's position at time t1=2s, as well as its instantaneous velocity and acceleration: 

The position :   x(2)= 2(2)3+5(2)2+5=41m 

Instantaneous speed:      v(2)=6(2)2+10(2)=44m/s 

Instantaneous acceleration :         a(2)=12(2)+10=34m/s2 

- The body's position at time t2=3s, as well as its instantaneous velocity and acceleration: 

Position :    x(3)= 2(3)3+5(3)2+5=104m 

Instantaneous speed:     v(3)=6(3)2+10(3)=84m/s 

Instantaneous acceleration :     a(3)=12(3)+10=46m/s2 

c- We deduce the speed and average acceleration of the body between t1 and t2: 

Average speed:     vmoy =
∆x

∆t
=

x(t2)−x(t1)

t2−t1
⇒ vmoy =

104−41

3−2
= 63m/s 

Average acceleration : 

amoy =
∆v

∆t
=
v(t2) − v(t1)

t2 − t1
⇒ amoy =

84 − 44

3 − 2
= 40m/s2 

Exercise 2 

The coordinates of a moving point M in the plane (oxy) are written as : 

x(t)=t+1 et y(t)=(t2/2)+2 

a- The equation of the trajectory is then written :  

(To find the equation of the trajectory, simply find the relationship between x(t) and y(t). 

To do this, deduce the time from one equation, x(t) or y(t), and replace it in the other equation). 

Here, we'll write t as a function of x : 

t=x-1 so 𝑦 =
(𝑥−1)2

2
+ 2 =

𝒙𝟐

𝟐
− 𝒙 +

𝟓

𝟐
 

The equation of the trajectory is :    𝐲(𝐱) =
𝐱𝟐

𝟐
− 𝐱 +

𝟓

𝟐
 

 

b- Components of velocity and acceleration vectors: 
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- The velocity :            v(t)⃗⃗ ⃗⃗ ⃗⃗  ⃗ = vx(t)i + vy(t)j  

{
𝑣𝑥(𝑡) =

𝑑𝑥(𝑡)

𝑑𝑡
= 1

𝑣𝑦(𝑡) =
𝑑𝑦(𝑡)

𝑑𝑡
= 𝑡

 

The velocity is written by 𝐯(𝐭)⃗⃗⃗⃗⃗⃗⃗⃗ = 𝐢 + 𝐭𝐣  

The velocity module:    |𝑣 (𝑡)| = √1 + 𝑡2 

-The acceleration:       a(t)⃗⃗ ⃗⃗ ⃗⃗  ⃗ = ax(t)i + ay(t)j  

{
𝑎𝑥(𝑡) =

𝑑𝑣𝑥(𝑡)

𝑑𝑡
= 0

𝑎𝑦(𝑡) =
𝑑𝑣𝑦(𝑡)

𝑑𝑡
= 1

 

So         𝐚(𝐭)⃗⃗⃗⃗⃗⃗⃗⃗ = 𝐣  

The acceleration module  |𝑎 (𝑡)| = 1 

c- Normal and tangential acceleration: 

-Tangential acceleration 

𝑎𝑇 =
𝑑|𝑣(𝑡)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  |

𝑑𝑡
   with   |𝑣(𝑡)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ | = √𝑣𝑥2 + 𝑣𝑦2 = √1 + 𝑡2 

𝑎𝑇 =
𝑑(√1 + 𝑡2)

𝑑𝑡
=

2𝑡

2√1 + 𝑡2
 

𝑎𝑇 =
𝑡

√1+𝑡2
     because  (𝑼𝒏)′ = 𝒏 𝑼′ 𝑼𝒏−𝟏 

-Normal acceleration : 

The accelerations aN and aT are the normal and tangential components of the acceleration.𝑎  

(𝑎 = 𝑎𝑇𝑈𝑇⃗⃗⃗⃗  ⃗ + 𝑎𝑁𝑈𝑁⃗⃗⃗⃗  ⃗      ⇒ |𝑎 | = √𝒂𝑻
𝟐 + 𝒂𝑵

𝟐 )  

 We have the shape of a right triangle, by applying Pitagort's relation. 

𝒂𝟐 = 𝒂𝑻
𝟐 + 𝒂𝑵

𝟐  

So    𝑎𝑁
2 = 𝑎2 − 𝑎𝑇

2  or |𝑎 | = √𝒂𝑻
𝟐 + 𝒂𝑵

𝟐  

𝑎𝑁
2 = 1 − (

𝑡

√1 + 𝑡2
)
2

= 1 −
𝑡2

1 + 𝑡2
 

𝑎  𝑎𝑁⃗⃗⃗⃗  ⃗ 

𝑎𝑇⃗⃗ ⃗⃗  
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𝑎𝑁
2 =

1

1 + 𝑡2
 

So  𝑎𝑁 =
1

√1+𝑡2
=

1

𝑣
 

-The radius of curvature:    𝑎𝑁 =
𝑣2

𝑅
=

1

𝑣
⇒𝑅 = 𝑣3 = (1 + 𝑡2)

3

2 

c- The nature of movement 

𝑎(𝑡)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ . 𝑣(𝑡)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ = (
0

1
) . (

1

𝑡
) = 1(0) + 𝑡(1) = 𝑡 > 0 

The motion is then uniformly accelerated. 

Exercise 3 : 

A particle moves along a trajectory whose equation is y=x2 so that at each instant vx=v0=cst. 

If t=0, x0 =0.  

a- Let's find the particle's x(t) and y(t) coordinates. 

We have the following (Ox) :𝑣𝑥 = 𝑣0 =
𝑑𝑥

𝑑𝑡
⇒ ∫ 𝑑𝑥

𝑥

0
= ∫ 𝑣0𝑑𝑡

𝑡

0
 

⇒ 𝒙(𝒕) = 𝑣0𝑡 

On the other hand: y=x2⇒ 𝑦(𝑡) = 𝑣0
2𝑡2 

So  {
𝒙(𝒕) = 𝑣0𝑡

𝑦(𝑡) = 𝑣0
2𝑡2

 

b- The velocity and acceleration of the particle. 

The velocity 

{
𝑣𝑥 =

𝑑𝑥

𝑑𝑡
= 𝑣0

𝑣𝑦 =
𝑑𝑦

𝑑𝑡
= 2𝑣0

2𝑡

⇒ 𝑣(𝑡)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ = 𝑣0𝑖 + 2𝑣0
2𝑡𝑗  

The velocity module:  |𝑣(𝑡)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ | = √𝑣0
2 + 4𝑣0

4𝑡2 

The acceleration:   {
𝑎𝑥 =

𝑑𝑣𝑥

𝑑𝑡
= 0

𝑎𝑦 =
𝑑𝑣𝑦

𝑑𝑡
= 2𝑣0

2
⇒ 𝑎(𝑡)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ = 2𝑣0

2𝑗  

The acceleration module:  |𝑎(𝑡)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ | = √(2𝑣0
2)2 = 2𝑣0

2 
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- Normal and tangential accelerations : 

𝑎𝑇 =
𝑑|𝑣(𝑡)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ |

𝑑𝑡
=

4𝑣0
4𝑡

√𝑣0
2 + 4𝑣0

4𝑡2
 

𝑎𝑁
2 = 𝑎2 − 𝑎𝑇

2 ⇒ 𝑎𝑁
2 = 4𝑣0

4 −
16𝑣0

8𝑡2

𝑣0
2 + 4𝑣0

4𝑡2
 

⇒𝑎𝑁
2 =

4𝑣0
6

𝑣0
2 + 4𝑣0

4𝑡2
 

So       𝑎𝑁 =
2𝑣0

3

√𝑣0
2+4𝑣0

4𝑡2
=

2𝑣0
3

𝑣
 

((𝑎𝑥)𝑦 = 𝑎𝑥.𝑦   𝑎𝑛𝑑    𝑎𝑥 . 𝑎𝑦 = 𝑎𝑥+𝑦) 

The radius of curvature:         𝑎𝑁 =
𝑣2

𝑅
=

2𝑣0
3

𝑣
⇒𝑅 =

𝑣3

2𝑣0
3 

Exercise 4 

A) A material point M is identified by its Cartesian coordinates (x,y): 

Find x and y in terms of polar coordinates ρ and θ?? 

𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗  = 𝑥𝑖 + 𝑦𝑗     (1) 

In the othor hand  𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗   is written by projection as: 

𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗  = ρ𝑐𝑜𝑠𝜃𝑖 + ρ𝑠𝑖𝑛𝜃𝑗     (2) 

 

 

 

 

 

(1) and (2) ⇒ {
𝑥 = ρ 𝑐𝑜𝑠𝜃
y = ρ 𝑠𝑖𝑛𝜃

 

 

A.  The unit vector 𝑢⃗  as a function of the unit vectors 𝑖  𝑎𝑛𝑑  𝑗  : 

we have  𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗  = |𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗  |𝑢⃗ = ρ𝑢⃗ = ρ𝑐𝑜𝑠𝜃𝑖 + ρ𝑠𝑖𝑛𝜃𝑗  

so  𝑢⃗ = 𝑐𝑜𝑠𝜃𝑖 + 𝑠𝑖𝑛𝜃𝑗  

.

y 

x O 

X
M

𝑖 

𝑗 𝑢⃗ 

ρ

θ

.
y 

 x 
O 

X

 M  

 

𝑖 

 

𝑗 

 

𝑢⃗ 

 

 ρ

 θ

 

𝑛⃗ 

 

Y
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and      𝑛⃗ = −𝑠𝑖𝑛𝜃𝑖 + 𝑐𝑜𝑠𝑗  

𝑛⃗   and 𝑢⃗   represent the unit vectors of the polar coordinate basis. 

2- Calculate the expression of  𝑑𝑢⃗ 𝑑𝜃⁄ , which this vector represents? 

𝑑𝑢⃗ 

𝑑𝜃
=
𝑑(𝑐𝑜𝑠𝜃𝑖 + 𝑠𝑖𝑛𝜃𝑗 )

𝑑𝜃
= −𝑠𝑖𝑛𝜃𝑖 + 𝑐𝑜𝑠𝑗 = 𝑛⃗  

𝒅𝒖⃗⃗ 

𝒅𝜽
  represents a unit vector perpendicular to 𝑢⃗   in the direct direction . 

B. The position of point M is given by  { 𝑂𝑀 ⃗⃗⃗⃗ ⃗⃗⃗⃗ = 𝑡2𝑢⃗ 
  𝜃 = 𝜔𝑡           

      (𝜔  constant) 

The expression of the velocity vector 𝑣  in polar coordinates is : 

𝑣 =
𝑑𝑂𝑀 ⃗⃗⃗⃗ ⃗⃗⃗⃗ 

𝑑𝑡
=
𝑑(𝑡2𝑢⃗ )

𝑑𝑡
= 2𝑡𝑢⃗ + 𝑡2

𝑑𝑢⃗ 

𝑑𝑡
 

𝑑𝑢⃗ 

𝑑𝑡
=
𝑑𝑢⃗ 

𝑑𝜃
.
𝑑𝜃

𝑑𝑡
= 𝑛⃗ . 𝜔 

𝒗⃗⃗ = 𝟐𝒕. 𝒖⃗⃗ + 𝒕𝟐. 𝝎. 𝒏⃗⃗  

Exercise 5  

1. A material point M is identified by its Cartesian coordinates (x, y, z). 

 Write the relationship between Cartesian coordinates and polar coordinates. 

 

 

             {
𝑥 = 𝜌𝑐𝑜𝑠𝜃
𝑦 = 𝜌𝑠𝑖𝑛𝜃
𝑧 = 𝑧𝑀

 

 

                             

 

 

𝑖  

𝑗  

𝜃 

𝜌 
𝑚 

𝑢𝜌⃗⃗⃗⃗  
𝑢𝜃⃗⃗ ⃗⃗  

𝑥𝑚 

𝑦𝑚 
 

. 𝑢𝑧⃗⃗⃗⃗  

X 

Y 

o 
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2. Find the expression of the position vector and deduce the velocity 𝑣    of point M in 

cylindrical coordinates.  

𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗  = 𝜌𝑈𝜌⃗⃗ ⃗⃗  + 𝑧𝑈𝑧⃗⃗⃗⃗   

⟹ 𝑣 =
d𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗  

dt
=
d𝜌

dt
𝑈𝜌⃗⃗ ⃗⃗  + 𝜌

𝑑𝑈𝜌⃗⃗ ⃗⃗  

𝑑𝑡
+
dz

dt
𝑈𝑧⃗⃗⃗⃗ + 𝑧

𝑑𝑈𝑧⃗⃗⃗⃗ 

𝑑𝑡
 

𝑜𝑛 𝑎 
𝑑𝑈𝑧⃗⃗⃗⃗ 

𝑑𝑡
= 0 ⟹ 𝑣 = 𝜌̇𝑈𝜌⃗⃗ ⃗⃗  + 𝜌

𝑑𝜃

𝑑𝑡

𝑑𝑈𝜌⃗⃗ ⃗⃗  

𝑑𝜃
+ 𝑧̇𝑈𝑧⃗⃗⃗⃗  

⟹ 𝑣 = 𝜌̇𝑈𝜌⃗⃗ ⃗⃗  + 𝜌𝜃̇𝑈𝜃⃗⃗ ⃗⃗  + 𝑧̇𝑈𝑧⃗⃗⃗⃗  

3. A velocity vector 𝑣   of point M in cylindrical coordinates: 

We have   {
𝜌 = 4𝑡2

𝜃 = 𝜔𝑡    
𝑧 = √𝑡       

 Hence 

{
 
 

 
 
𝑑𝜌

𝑑𝑡
= 8𝑡

𝑑𝜃

𝑑𝑡
= 𝜔    

𝑑𝑧

𝑑𝑡
=

1

2√𝑡
      

  

⟹ 𝑣 = 𝜌̇𝑈𝜌⃗⃗ ⃗⃗  + 𝜌𝜃̇
𝑑𝑈𝜌⃗⃗ ⃗⃗  

𝑑𝜃
+ 𝑧̇𝑈𝑧⃗⃗⃗⃗ = 8𝑡𝑈𝜌⃗⃗ ⃗⃗  + 4𝑡

2. 𝜔. 𝑈𝜃⃗⃗ ⃗⃗  +
1

2√𝑡
𝑈𝑧⃗⃗⃗⃗  

 

Exercise 6 

{
𝑣𝑥 = 𝑅𝜔 cos (𝜔𝑡)
𝑣𝑦 = 𝑅𝜔 sin (𝜔𝑡)

 

Knowing that at t=0, the moving body is at the origin O (0,0),  

1. The components of the acceleration vector and its 

modulus. {
𝑎𝑥 =

𝑑𝑣𝑥

𝑑𝑡
= −𝑅𝜔2𝑠𝑖𝑛 (𝜔𝑡)

𝑎𝑦 =
𝑑𝑣𝑦

𝑑𝑡
= 𝑅𝜔2 cos(𝜔𝑡)

 

⌈𝑎 ⌉ = √(−𝑅𝜔2𝑠𝑖𝑛 (𝜔𝑡))2 + (𝑅𝜔2𝑐𝑜𝑠 (𝜔𝑡))2 = 𝑅𝜔2 

2.  The tangential and normal components of acceleration and deduce the radius of 

curvature. 

Tangential acceleration: 

⌈𝑣 ⌉ = √(𝑅𝜔  𝑐𝑜𝑠(𝜔𝑡))2 + (𝑅𝜔 𝑠𝑖𝑛 (𝜔𝑡))2 = 𝑅𝜔 

𝑎𝑇 =
𝑑𝑣

𝑑𝑡
=
𝑑𝑅𝜔

𝑑𝑡
⇒𝑎𝑇 = 0 

Normale acceleration: 

𝑎𝑁 =
𝑣2

𝑅
= 𝑎 =  𝑅𝜔2 car 𝑎𝑇 = 0  et 𝑅 =

𝑣2

𝑎𝑁
=

𝑅2𝜔2

𝑅𝜔2
=R 
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Radius of curvature is R. 

 

3. The components of the position vector 

{
𝑣𝑥 = 𝑅𝜔cos (𝜔𝑡)
𝑣𝑦 = 𝑅𝜔sin (𝜔𝑡)

⇒ {

𝑑𝑥

𝑑𝑡
= 𝑅𝜔cos (𝜔𝑡)

𝑑𝑦

𝑑𝑡
= 𝑅𝜔sin (𝜔𝑡)

 

⇒ {
𝑑𝑥 = 𝑅𝜔cos (𝜔𝑡)𝑑𝑡

𝑑𝑦 = 𝑅𝜔 sin (𝜔𝑡) 𝑑𝑡
 

⇒{
∫𝑑𝑥 = 𝑅∫𝜔cos (𝜔𝑡)𝑑𝑡

∫𝑑𝑦 = 𝑅∫𝜔 sin (𝜔𝑡) 𝑑𝑡
 

⇒ {
𝑥 = 𝑅 sin (𝜔𝑡)

𝑦 = −𝑅(cos(𝜔𝑡) − 1)
⇒ {

𝑥 = 𝑅 sin (𝜔𝑡)

𝑦 = −𝑅cos(𝜔𝑡) + 𝑅 = 𝑅(1 − cos(𝜔𝑡))
 

 

The trajectory equation. 

𝑠𝑖𝑛2𝜔𝑡 + 𝑐𝑜𝑠2𝜔𝑡 = 1⇒
𝑥2

𝑅2
+
(𝑅 − 𝑦)2

𝑅2
= 1⇒ 𝑥2 + (𝑦 − 𝑅)2 = 𝑅2 

What is the equation of a circle of radius R centred in (0,R). 

2. The nature of motion, 

The trajectory is a circle, and since the speed standard is constant, it is a uniform circular 

motion. 

Exercise 7 

A material point M moves along the OX axis with acceleration   𝑎 = 𝑎 𝑖  with a ˃ 0. 

1- Determine the velocity vector knowing that v (t=0)= v 0 . 

𝑎 =
𝑑𝑣

𝑑𝑡
⇒ ∫ 𝑑𝑣 = 𝑎∫  𝑑

𝑡

0

𝑡
𝑣

𝑣0

 

⇒ 𝒗− 𝒗𝟎 = 𝒂 𝒕    (1) 

so  𝒗⃗⃗ = (𝒂 𝒕 + 𝒗𝟎)𝒊   

2- The position vector 𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗   knowing that x(t=0)=x0 . 

𝑣 =
𝑑𝑥

𝑑𝑡
= 𝑎 𝑡 + 𝑣0 ⇒∫ 𝑑𝑥 = ∫ (𝑎 𝑡 + 𝑣0)𝑑

𝑡

0

𝑡 = 𝑎∫  𝑡𝑑
𝑡

0

𝑡
𝑥

𝑥0

 + 𝑣0∫ 𝑑
𝑡

0

𝑡 

⇒ 𝑥 − 𝑥0 = [𝑎
𝑡2

2
 + 𝑣0𝑡]

0

𝑡

 

Cos 

Sin 

INT 
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∫𝒙𝒏 𝒅𝒙 =
𝒙𝒏+𝟏

𝒏+𝟏
   and  ∫

𝒅𝒙

𝒙
= 𝒍𝒏 𝒙 

  𝒙 =
𝟏

𝟐
 𝒂𝒕𝟐 + 𝒗𝟎𝒕 + 𝒙𝟎    (2) 

⇒𝑶𝑴⃗⃗⃗⃗⃗⃗  ⃗ = (
𝟏

𝟐
 𝒂 𝒕𝟐 + 𝒗𝟎𝒕 + 𝒙𝟎) 𝒊  

3. Show that  𝑣2 − 𝑣0
2 = 2𝑎(𝑥 − 𝑥0) 

(1)⇒ 𝑡 =
𝒗−𝒗𝟎

𝑎
   in  (2) 𝑥 − 𝑥0 =

1

2
 𝑎 (

𝒗−𝒗𝟎

𝑎
)
2

+ 𝑣0 (
𝒗−𝒗𝟎

𝑎
) =

𝑣2+𝑣0
2−2𝑣𝑣0

2𝑎
+
𝑣𝑣0−𝑣0

2

𝑎
 

⇒  𝑥 − 𝑥0 =
𝑣2 + 𝑣0

2 − 2𝑣𝑣0
2𝑎

+
2𝑣𝑣0 − 2𝑣0

2

2𝑎
 

⇒  𝑥 − 𝑥0 =
𝑣2 − 𝑣0

2

2𝑎
 

so 2𝑎(𝑥 − 𝑥0) = 𝑣
2 − 𝑣0

2 

4- For motion to be uniformly accelerated, 𝑎 .⃗⃗⃗⃗ 𝑣  must be positive.  

For motion to be uniformly retarded, 𝑎 .⃗⃗⃗⃗ 𝑣  must be negative.  

Exercice 8  

The differential of vector 𝑟 , 𝑑𝑟 = 𝑑𝑙 = 𝑑𝑥𝑖 + 𝑑𝑦𝑗 + 𝑑𝑧𝑘⃗   can be expressed in cylindrical 

coordinates as 𝑑𝑟 =
𝜕𝑟 

𝜕𝜌
 𝑑𝜌 +

𝜕𝑟 

𝜕𝜃
 𝑑𝜃 +

𝜕𝑟 

𝜕𝑧
 𝑑𝑧. 

1. We are looking for the vectors  
𝜕𝑟 

𝜕𝜌
,
𝜕𝑟 

𝜕𝜃
  et 

𝜕𝑟 

𝜕𝑧
 . 

We are   𝑟 = 𝑥𝑖 + 𝑦𝑗 + 𝑧𝑘⃗  

- The displacement vector in cartesian coordinates (x, y, z) : 

 𝑑𝑟 = 𝑑𝑙 = 𝑑𝑥𝑖 + 𝑑𝑦𝑗 + 𝑑𝑧𝑘⃗  

- The displacement vector in cylindrical coordinates (ρ, θ, z) : 

𝑑𝑟 =
𝜕𝑟 

𝜕𝜌
 𝑑𝜌 +

𝜕𝑟 

𝜕𝜃
 𝑑𝜃 +

𝜕𝑟 

𝜕𝑧
 𝑑𝑧 

Relationships between cartesian coordinates (x, y, z) and cylindrical coordinates (ρ, θ, z) are :      

  {
𝑥 = 𝜌𝑐𝑜𝑠𝜃
𝑦 = 𝜌𝑠𝑖𝑛𝜃
𝑧 = 𝑧𝑀

⟹ {

𝑑𝑥 = 𝑑𝜌. 𝑐𝑜𝑠𝜃 − 𝜌 . sin 𝜃. 𝑑𝜃
𝑑𝑦 = 𝑑𝜌. 𝑠𝑖𝑛𝜃 + 𝜌. 𝑐𝑜𝑠𝜃. 𝑑𝜃

𝑑𝑧 = 𝑑𝑧𝑀
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⟹ 𝑑𝑟 = 𝑑𝑙 = (𝑑𝜌. 𝑐𝑜𝑠𝜃 − 𝜌 . sin 𝜃. 𝑑𝜃)𝑖 + (𝑑𝜌. 𝑠𝑖𝑛𝜃 + 𝜌. 𝑐𝑜𝑠𝜃. 𝑑𝜃)𝑗 + 𝑑𝑧𝑘⃗  

⟹ 𝑑𝑟 = (𝑐𝑜𝑠𝜃. 𝑖 + 𝑠𝑖𝑛𝜃. 𝑗 )𝑑𝜌 + (−𝜌𝑠𝑖𝑛𝜃𝑖 + 𝜌. 𝑐𝑜𝑠𝜃. 𝑗 )𝑑𝜃 + 𝑑𝑧𝑘⃗ ………….(1) 

⟹ 𝑑𝑟 = (
𝜕𝑟 

𝜕𝜌
)  𝑑𝜌 + (

𝜕𝑟 

𝜕𝜃
)  𝑑𝜃 + (

𝜕𝑟 

𝜕𝑧
)  𝑑𝑧………………………………………(2) 

With identification between (1) et (2) we'll have  : 

⟹

{
  
 

  
 

𝜕𝑟 

𝜕𝜌
= 𝑐𝑜𝑠𝜃. 𝑖 + 𝑠𝑖𝑛𝜃. 𝑗 

𝜕𝑟 

𝜕𝜃
= −𝜌𝑠𝑖𝑛𝜃𝑖 + 𝜌. 𝑐𝑜𝑠𝜃. 𝑗 

𝜕𝑟 

𝜕𝑧
= 𝑘⃗ 

 

2. Deduce Unit Vectors 𝑈𝜌,⃗⃗ ⃗⃗  ⃗  𝑈𝜃⃗⃗ ⃗⃗   et 𝑈𝑧 ⃗⃗ ⃗⃗  ⃗(cylindrical coordinates) as function of i , j  and k⃗  

(Cartesian coordinates) : 

The displacement vector in cylindrical coordinates is written: 

𝑑𝑟 = 𝑑𝜌𝑈𝜌⃗⃗ ⃗⃗  + 𝜌𝑑𝜃𝑈𝜃⃗⃗ ⃗⃗  + 𝑑𝑧𝑘⃗ …………………………..(3) 

(2) and (3) ⟹

{
 
 

 
 𝑈𝜌⃗⃗ ⃗⃗  =

𝜕𝑟 

𝜕𝜌
= 𝑐𝑜𝑠𝜃. 𝑖 + 𝑠𝑖𝑛𝜃. 𝑗 

𝑈𝜃⃗⃗ ⃗⃗  =
1

𝜌

𝜕𝑟 

𝜕𝜃
= −𝑠𝑖𝑛𝜃𝑖 + 𝑐𝑜𝑠𝜃. 𝑗 

𝑈𝑧⃗⃗⃗⃗ =
𝜕𝑟 

𝜕𝑧
= 𝑘⃗ 

 

Note : 

The unit vectors of the Cartesian coordinates base can be written as a function of the unit vectors 

of the cylindrical coordinates base from the table below: 

  ⟹{

𝑖 = cosθ𝑢𝜌⃗⃗⃗⃗ − sinθ 𝑢𝜃⃗⃗ ⃗⃗ 

𝑗 = sinθ𝑢𝜌⃗⃗⃗⃗ + cosθ𝑢𝜃⃗⃗ ⃗⃗ 

𝑘⃗ = 𝑢𝑧⃗⃗⃗⃗ 

 

 

 

3. Checking that they are orthogonal? 

 𝒊  𝒋  𝒌⃗⃗  

𝒖𝝆⃗⃗ ⃗⃗   Cosθ Sinθ 0 

 𝒖𝜽⃗⃗ ⃗⃗   -sinθ Cosθ 0 

𝒖𝒛⃗⃗⃗⃗  0 0 1 
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⟹

{
 

 |𝑈𝜌⃗⃗ ⃗⃗  | = √𝑐𝑜𝑠𝜃2 + 𝑠𝑖𝑛𝜃2 = 1

|𝑈𝜃⃗⃗ ⃗⃗  | = √(−𝑠𝑖𝑛𝜃)2 + 𝑐𝑜𝑠𝜃2 = 1

|𝑈𝑧⃗⃗⃗⃗ | = |𝑘⃗ | = 1

 

Hence 𝑈𝜌⃗⃗ ⃗⃗  , 𝑈𝜃⃗⃗ ⃗⃗   et 𝑈𝑧⃗⃗⃗⃗ , are the unit vectos. 

We have  𝑈𝜌⃗⃗ ⃗⃗  . 𝑈𝜃⃗⃗ ⃗⃗  = 0, 𝑈𝜌⃗⃗ ⃗⃗  . 𝑈𝑧⃗⃗⃗⃗ = 0 et 𝑈𝑧⃗⃗⃗⃗ . 𝑈𝜃⃗⃗ ⃗⃗  = 0  

So  𝑈𝜌⃗⃗ ⃗⃗  , 𝑈𝜃⃗⃗ ⃗⃗  , et 𝑈𝑧⃗⃗⃗⃗  are orthogonal vectors. 

Therefore the vectors 𝑈𝜌⃗⃗ ⃗⃗  , 𝑈𝜃⃗⃗ ⃗⃗  , 𝑈𝑧⃗⃗⃗⃗  form an orthonormal reference frame. 

4. Write 𝐴 = 2𝑥𝑖 + 𝑦𝑗 − 2𝑧𝑘⃗  in cylindrical coordonates. 

We have  {
𝑥 = 𝜌𝑐𝑜𝑠𝜃
𝑦 = 𝜌𝑠𝑖𝑛𝜃
𝑧 = 𝑧𝑀

 𝑒𝑡 {

𝑖 = cosθ𝑢𝜌⃗⃗⃗⃗ − sinθ 𝑢𝜃⃗⃗ ⃗⃗ 

𝑗 = sinθ𝑢𝜌⃗⃗⃗⃗ + cosθ𝑢𝜃⃗⃗ ⃗⃗ 

𝑘⃗ = 𝑢𝑧⃗⃗⃗⃗ 

 

So 𝐴 = 2𝑥𝑖 + 𝑦𝑗 − 2𝑧𝑘⃗  is wretten by : 

⟹𝐴 = 2𝜌𝑐𝑜𝑠𝜃(cosθ𝑢𝜌⃗⃗⃗⃗ − sinθ 𝑢𝜃⃗⃗ ⃗⃗ ) + 𝜌𝑠𝑖𝑛𝜃(sinθ𝑢𝜌⃗⃗⃗⃗ + cosθ𝑢𝜃⃗⃗ ⃗⃗ ) − 2𝑧𝑘⃗  

⟹𝐴 = (2𝜌𝑐𝑜𝑠𝜃2 + 𝜌𝑠𝑖𝑛𝜃2)𝑢𝜌⃗⃗⃗⃗ + (−2𝜌cosθsinθ + ρosθsinθ)𝑢𝜃⃗⃗ ⃗⃗ − 2𝑧𝑘⃗  

⟹ 𝑨⃗⃗ = (𝒄𝒐𝒔𝜽𝟐 + 𝟏)𝝆𝒖𝝆⃗⃗ ⃗⃗  − 𝝆𝐜𝐨𝐬𝛉𝐬𝐢𝐧𝛉𝒖𝜽⃗⃗ ⃗⃗  − 𝟐𝒛𝒖𝒛⃗⃗⃗⃗  


